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Abstract In this paper, the static and free vibration analy-
sis of laminated shells is performed by radial basis functions
(RBFs) collocation, according to a layerwise deformation
theory (LW). The present LW theory accounts for through-
the-thickness deformation, by considering an Mindlin-like
evolutionofalldisplacementsineachlayer.Theequationsof
motionandtheboundaryconditionsareobtainedbyCarrera’s
uniﬁed formulation, and further interpolated by collocation
with RBFs.
Keywords Bending · Modeling · Numerical methods
1 Introduction
In recent years, considerable attention has been paid to the
development of appropriate two-dimensional shell theories
that can accurately describe the response of multilayered
anisotropic thick shells. In fact, thick shell component anal-
ysis and fatigue design require an accurate description of
local stress ﬁelds to include highly accurate assessment
of localized regions where damage is likely to take place.
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Examples of multilayered shell structures used in mod-
ern aerospace vehicles are laminated constructions made of
anisotropic composite materials, sandwich panels, layered
structuresusedasthermalprotection,orintelligentstructural
system embedding piezolayers.
Classical displacement formulations start by assuming a
linear or higher-order expansion for the displacement ﬁelds
in the thickness direction. In-plane and transverse stresses
are then computed by means of Hooke’s law. According to
this procedure, it is found that transverse stresses (both shear
and normal components) are discontinuous at the interfaces
of the multi-layer structure. To overcome these difﬁculties,
these stresses are evaluated a posteriori in most applications
by implementing a postprocessing procedure, e.g., through
the thickness integration of the three-dimensional indefinite
equationofequilibrium.But,thisprocedurecannotbeimple-
mented for most of the available models in the general case
of asymmetric in-plane displacement ﬁelds (i.e., two differ-
ent results could be obtained for the stress distributions by
starting from the top or from the bottom shell surface).
In this scenario, the classical two-dimensional models,
such as Koiter [1] and Naghdi [2] models, require some
amendments to study multi-layered shell structures. Among
these, the inclusion of continuity of displacements—zigzag
effects (see Fig. 1)—at the interface between two adja-
cent layers is one of the amendments necessary. The role
played by zigzag effects has been conﬁrmed by many three-
dimensional analysis of layered shells [3–8]. Exhaustive
overviews on classical and reﬁned models of multilayered
structures have been reported in many published review
articles. These include the papers by Grigolyuk and Kuli-
kov [9], Kapania and Raciti [10], Kapania [11], Noor et al.
[12–14] and Soldatos and Timarci [15]. Among the reﬁned
theories a convenient distinction can be made between
models in which the number of the unknown variables is
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Fig. 1 Scheme of the layerwise assumptions for a three-layered lami-
nate
independent or dependent on the number of the constitutive
layersoftheshell.FollowingReddy[16],weassignthename
ESLM (Equivalent Single Layer Models) to the ﬁrst group-
ing while LWM (Layer Wise Model) is used to denote the
others. Early [17–20] and more recent [21–26]L W M sh a v e
shown the superiority of layer-wise approaches over ESL
approachestopredictaccuratelystaticanddynamicresponse
of thick and very thick structures. On the other hand, LWMs
are computationally expensive and the use of ESLMs is pre-
ferred in most practical applications.
In this paper, we propose to use the uniﬁed formulation
(UF) by Carrera [27] to derive the equations of motion and
boundary conditions to analyze laminated shells, according
to a layerwise-based shear deformation theory that accounts
for through-the-thickness deformations. The UF is a com-
pact formulation that permits to analyze the bi-dimensional
structures irrespective of the shear deformation theory being
considered and it has been applied in several ﬁnite element
analysis, either using the principle of virtual displacements
(PVDs),orbyusingtheReissner’smixedvariationaltheorem
[28–31].
In the most general cases, the ﬁnite element method is
used for the analysis of shell structures and some reviews
on ﬁnite element shell formulations can be found in the
work by Dennis and Palazotto [32], Merk [33], and Di and
Ramm [34]. But, it is known that the phenomenon of numer-
ical locking may arise from hidden constrains that are not
well represented in the ﬁnite element approximation. The
present paper, that performs the bending and free vibra-
tion analysis of laminated shells by collocation with radial
basis functions (RBFs), avoids the locking phenomenon.
A radial basis function RBF, φ( x − x j ) is a spline that
depends on the Euclidian distance between distinct data cen-
ters x j,j = 1,2,...,N ∈ Rn, also called nodal or collo-
cation points. We use the so-called unsymmetrical Kansa
method, that was introduced by Kansa [35]. The use of
RBF for the analysis of structures and materials has been
previouslystudiedbynumerousauthors[36–50].Theauthors
haverecentlyappliedtheRBFcollocationtothestaticdefor-
mations of composite beams and plates [51–53].
Inthispaper,itisinvestigatedhowtheUFcanbecombined
with RBFs to the analysis of thin and thick laminated shells,
using the LW approach, allowing for through-the-thickness
deformations. The quality of the present method in predict-
ing static deformations and free vibrations of thin and thick
laminated shells is compared and discussed with other meth-
ods in some numerical examples.
2 Uniﬁed formulation for the layerwise theory
The UF proposed by Carrera [54–57], also known as CUF, is
a powerful framework for the analysis of beams, plates and
shells. This formulation has been applied in several ﬁnite
element analysis, either using the PVDs, or by using the
Reissner’s mixed variational theorem. The stiffness matrix
components, the external force terms or the inertia terms can
be obtained directly with this UF, irrespective of the shear
deformation theory being considered.
In this section the Carrera’s uniﬁed formulation is brieﬂy
reviewed. It is shown how to obtain the fundamental nuclei,
which allows the derivation of the equations of motion and
boundary conditions, in weak form for the ﬁnite element
analysis; and in strong form for the present RBF collocation.
2.1 Shell geometry
Shells are bi-dimensional structures in which one dimension
(in general the thickness in z direction) is negligible with
respect to the other two in-plane dimensions. Geometry and
the reference system are indicated in Fig. 3. The square of
an inﬁnitesimal linear segment in the layer, the associated
inﬁnitesimal area and volume are given by:
ds2
k = Hk
α
2
dα2 + Hk
β
2
dβ2 + Hk
z
2
dz2,
d k = Hk
α Hk
β dα dβ, (1)
dV = Hk
α Hk
β Hk
z dα dβ dz,
where the metric coefﬁcients are:
Hk
α = Ak(1+z/Rk
α), Hk
β =Bk(1+z/Rk
β), Hk
z =1. (2)
k denotesthek-layerofthemultilayeredshell; Rk
α and Rk
β are
theprincipalradiiofcurvaturealongthecoordinatesα andβ
respectively. Ak and Bk are the coefﬁcients of the ﬁrst fun-
damental form of  k ( k is the  k boundary). In this work,
the attention has been restricted to shells with constant radii
of curvature (cylindrical, spherical, toroidal geometries) for
which Ak = Bk = 1.
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2.2 Governing equations and boundary conditions
Although one can use the UF for one-layer, isotropic shell, a
multi-layered shell with Nl layers is considered. The PVDs
for the pure-mechanical case reads:
Nl  
k=1
 
 k
 
Ak
 
δ k
pG
T
σk
pC + δ k
nG
T
σk
nC
 
d kdz =
Nl  
k=1
δLk
e
(3)
where  k and Ak are the integration domains in plane (α, β)
andz direction,respectively.Here,k indicatesthelayerandT
thetransposeofavector,andδLk
e istheexternalworkforthe
kth layer. G means geometrical relations and C constitutive
equations.
The steps to obtain the governing equations are:
• Substitution of the geometrical relations (subscript G).
• Substitution of the appropriate constitutive equations
(subscript C).
• Introduction of the uniﬁed formulation.
Stresses and strains are separated into in-plane and normal
components, denoted respectively by the subscripts p and n.
The mechanical strains in the kth layer can be related to the
displacement ﬁeld uk ={ uk
α,uk
β,uk
z} via the geometrical
relations:
 k
pG =[  k
αα, k
ββ, k
αβ]T = (Dk
p + Ak
p) uk,
(4)  k
nG =[  k
αz, k
βz, k
zz]T = (Dk
n  + Dk
nz − Ak
n) uk
The explicit form of the introduced arrays follows:
Dk
p =
⎡
⎢ ⎢ ⎢
⎣
∂α
Hk
α
00
0
∂β
Hk
β
0
∂β
Hk
β
∂α
Hk
α
0
⎤
⎥ ⎥ ⎥
⎦
, Dk
n  =
⎡
⎢ ⎢
⎣
00 ∂α
Hk
α
00
∂β
Hk
β
00 0
⎤
⎥ ⎥
⎦,
Dk
nz =
⎡
⎣
∂z 00
0 ∂z 0
00∂z
⎤
⎦, (5)
Ak
p =
⎡
⎢
⎣
00 1
Hk
α Rk
α
00 1
Hk
β Rk
β
00 0
⎤
⎥
⎦, Ak
n =
⎡
⎢
⎣
1
Hk
α Rk
α
00
0 1
Hk
β Rk
β
0
00 0
⎤
⎥
⎦. (6)
The 3D constitutive equations are given as:
σk
pC = Ck
pp  k
pG + Ck
pn  k
nG
σk
nC = Ck
np  k
pG + Ck
nn  k
nG
(7)
Fig. 2 Assembling procedure for LW approach
with
Ck
pp =
⎡
⎢
⎣
Ck
11 Ck
12 Ck
16
Ck
12 Ck
22 Ck
26
Ck
16 Ck
26 Ck
66
⎤
⎥
⎦ Ck
pn =
⎡
⎢
⎣
00Ck
13
00Ck
23
00Ck
36
⎤
⎥
⎦
Ck
np =
⎡
⎣
000
000
Ck
13 Ck
23 Ck
36
⎤
⎦ Ck
nn =
⎡
⎢
⎣
Ck
55 Ck
45 0
Ck
45 Ck
44 0
00 Ck
33
⎤
⎥
⎦
(8)
In case of layer wise (LW) models, each layer k of the given
multi-layered structure is separately considered. According
to the CUF, the three displacement components uα, uβ and
uz and their relative variations can be modelled as:
(uk
α,uk
β,uk
z) = Fk
τ (uk
ατ,uk
βτ,uk
zτ)
(9) (δuk
α,δuk
β,δuk
z) = Fk
s (δuk
αs,δuk
βs,δuk
zs)
In the present formulation, we choose:
Fk
τ =
 
1 − 2/hk
 
z − 1
2 (zk + zk+1)
 
2
×
1 + 2/hk
 
z − 1
2 (zk + zk+1)
 
2
 
for displacements u,v,w. Note that zk,zk+1 correspond to
the bottom and top z-coordinates for each layer k. We then
obtain all terms of the equations of motion by integrating
through the thickness direction. In Fig. 2 it is shown the
assembling procedure on layer k for the LW approach.
It is interesting to note that under this combination of the
UF and RBF collocation, the collocation code depends only
onthechoiceof Ft, Fs,inordertosolvethistypeofproblems.
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We designed a MATLAB code that just by changing Ft, Fs
can analyse static deformations and free vibrations for any
type of C0 shear deformation theory.
Substituting the geometrical relations, the constitutive
equations and the UF into the variational statement PVD,
for the kth layer, one has:
Nl  
k=1
⎧
⎪ ⎨
⎪ ⎩
 
 k
 
Ak
{((Dp + Ap)δuk)T(Ck
pp(Dp + Ap)uk
+Ck
pn(Dn  + Dnz − An)uk)
+((Dn  + Dnz − An)δuk)T(Ck
np(Dp + Ap)uk
+ Ck
nn(Dn  + Dnz − An)uk)}d kdzk
⎫
⎪ ⎬
⎪ ⎭
=
Nl  
k=1
δLk
e (10)
At this point, the formula of integration by parts is applied:
 
 k
 
(D )δak
 T
akd k =−
 
 k
δakT  
(DT
 )ak
 
d k
+
 
 k
δakT  
(I )ak
 
d k (11)
where I  matrix is obtained applying the Gradient theorem:
 
 
∂ψ
∂xi
dυ =
 
 
niψds (12)
being ni the components of the normal   n to the boundary
along the direction i. After integration by parts and the sub-
stitutionofCUF,thegoverningequations andboundary con-
ditions for the shell in the mechanical case are obtained:
Nl  
k=1
⎧
⎪ ⎨
⎪ ⎩
 
 k
 
Ak
 
δukT
s
 
(−Dp+Ap)T Fs(Ck
pp(Dp+Ap)Fτuk
τ
+Ck
pn(Dn  + Dnz − An)Fτuk
τ)
 
+δukT
s
 
(−Dn  + Dnz − An)T Fs(Ck
np(Dp + Ap)Fτuk
τ
+Ck
nn(Dn  + Dnz − An)Fτuk
τ)
  
d kdzk
⎫
⎪ ⎬
⎪ ⎭
+
Nl  
k=1
⎧
⎪ ⎨
⎪ ⎩
 
 k
 
Ak
 
δukT
s
 
IT
p Fs(Ck
pp(Dp + Ap)Fτuk
τ
+Ck
pn(Dn  + Dnz − An)Fτuk
τ)
 
+δukT
s
 
IT
npFs
 
Ck
np(Dp − Ap)Fτuk
τ
+Ck
nn(Dn  + Dnz − An)Fτuk
τ
   
d kdzk
⎫
⎪ ⎬
⎪ ⎭
=
Nl  
k=1
⎧
⎪ ⎨
⎪ ⎩
 
 k
δukT
s Fs pk
u
⎫
⎪ ⎬
⎪ ⎭
. (13)
where Ik
p and Ik
np depend on the boundary geometry:
Ip =
⎡
⎢
⎣
nα
Hα 00
0
nβ
Hβ 0
nβ
Hβ
nα
Hα 0
⎤
⎥
⎦;Inp =
⎡
⎢
⎣
00 nα
Hα
00
nβ
Hβ
00 0
⎤
⎥
⎦. (14)
The normal to the boundary of domain   is:
 n =
 
nα
nβ
 
=
 
cos(ϕα)
cos(ϕβ)
 
(15)
where ϕα and ϕβ are the angles between the normal   n and
the direction α and β respectively.
The governing equations for a multi-layered shell sub-
jected to mechanical loadings are:
δuk
s
T
: Kkτs
uu uk
τ = Pk
uτ (16)
where the fundamental nucleus Kkτs
uu is obtained as:
Kkτs
uu =
 
Ak
 
[−Dp + Ap]T Ck
pp[Dp + Ap]
+[−Dp + Ap]T Ck
pn[Dn  + Dnz − An]
+[−Dn  + Dnz − An]T Ck
np[Dp + Ap]
+[−Dn +Dnz−An]T Ck
nn[Dn  + Dnz−An]
 
×Fτ FsHk
α Hk
β dz. (17)
and the corresponding Neumann-type boundary conditions
on  k are:
 kτs
d uk
τ =  kτs
d ¯ uk
τ, (18)
where:
 kτs
d =
 
Ak
 
IT
p Ck
pp[Dp + Ap]
+IT
p Ck
pn[Dn  + Dnz − An]
+IT
npCk
np[Dp + Ap]
+IT
np Ck
nn[Dn  + Dnz − An]
 
Fτ FsHk
α Hk
β dz.
(19)
and Pk
uτ are variationally consistent loads with applied
pressure.
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2.3 Fundamental nuclei
Thefollowingintegralsareintroducedtoperformtheexplicit
form of fundamental nuclei:
(Jkτs, Jkτs
α , Jkτs
β , Jkτs
α
β
, Jkτs
β
α
, Jkτs
αβ )
=
 
Ak
Fτ Fs
 
1, Hα, Hβ,
Hα
Hβ
,
Hβ
Hα
, HαHβ
 
dz
 
Jkτzs, Jkτzs
α , J
kτzs
β , J
kτzs
α
β
, J
kτzs
β
α
, J
kτzs
αβ
 
=
 
Ak
∂Fτ
∂z
Fs
 
1, Hα, Hβ,
Hα
Hβ
,
Hβ
Hα
, HαHβ
 
dz
 
Jkτsz, Jkτsz
α , J
kτsz
β , J
kτsz
α
β
, J
kτsz
β
α
, J
kτsz
αβ
 
=
 
Ak
Fτ
∂Fs
∂z
 
1, Hα, Hβ,
Hα
Hβ
,
Hβ
Hα
, HαHβ
 
dz
 
Jkτzsz, Jkτzsz
α , J
kτzsz
β , J
kτzsz
α
β
, J
kτzsz
β
α
, J
kτzsz
αβ
 
=
 
Ak
∂Fτ
∂z
∂Fs
∂z
 
1, Hα, Hβ,
Hα
Hβ
,
Hβ
Hα
, HαHβ
 
dz (20)
The fundamental nucleo Kkτs
uu is reported for doubly curved
shells (radii of curvature in both α and β directions, see
Fig. 3):
 
Kτsk
uu
 
11
=−Ck
11Jkτs
β/α∂s
α∂τ
α−Ck
16Jkτs∂τ
α∂s
β−Ck
16Jkτs∂s
α∂τ
β
−Ck
66Jkτs
α/β∂s
β∂τ
β
+Ck
55
 
J
kτzsz
αβ −
1
Rαk
J
kτzs
β −
1
Rαk
J
kτsz
β +
1
R2
αk
Jkτs
β/α
 
 
Kτsk
uu
 
12
=− Ck
12Jkτs∂τ
α∂s
β − Ck
16Jkτs
β/α∂s
α∂τ
α − Ck
26Jkτs
α/β∂s
β∂τ
β
−Ck
66Jkτs∂s
α∂τ
β
+Ck
45
 
J
kτzsz
αβ −
1
Rβk
J
kτzs
α −
1
Rαk
J
kτsz
β
+
1
Rαk
1
Rβk
Jkτs
 
 
Kτsk
uu
 
13
=− Ck
11
1
Rαk
Jkτs
β/α∂τ
α − Ck
12
1
Rβk
Jkτs∂τ
α
−Ck
13J
kτsz
β ∂τ
α
−Ck
16
1
Rαk
Jkτs∂τ
β − Ck
26
1
Rβk
Jkτs
α/β∂τ
β
−Ck
36J
kτsz
α ∂τ
β
+Ck
45
 
J
kτzs
α ∂s
β −
1
Rαk
Jkτs∂s
β
 
+Ck
55
 
J
kτzs
β ∂s
α −
1
Rαk
Jkτs
β/α∂s
α
 
 
Kτsk
uu
 
21
=− Ck
12Jkτs∂s
α∂τ
β − Ck
16Jkτs
β/α∂s
α∂τ
α − Ck
26Jkτs
α/β∂s
β∂τ
β
−Ck
66Jkτs∂τ
α∂s
β
+Ck
45
 
J
kτzsz
αβ −
1
Rβk
J
kτsz
α −
1
Rαk
J
kτzs
β
+
1
Rαk
1
Rβk
Jkτs
 
 
Kτsk
uu
 
22
=− Ck
22Jkτs
α/β∂s
β∂τ
β − Ck
26Jkτs∂s
α∂τ
β − Ck
26Jkτs∂τ
α∂s
β
−Ck
66Jkτs
β/α∂s
α∂τ
α
+Ck
44
 
J
kτzsz
αβ −
1
Rβk
J
kτzs
α −
1
Rβk
J
kτsz
α +
1
R2
βk
Jkτs
α/β
 
 
Kτsk
uu
 
23
=−Ck
12
1
Rαk
Jkτs∂τ
β−Ck
22
1
Rβk
Jkτs
α/β∂τ
β−Ck
23J
kτsz
α ∂τ
β
−Ck
16
1
Rαk
Jkτs
β/α∂τ
α − Ck
26
1
Rβk
Jkτs∂τ
α
−Ck
36J
kτsz
β ∂τ
α
+Ck
45
 
J
kτzs
β ∂s
α −
1
Rβk
Jkτs∂s
α
 
+Ck
44
 
J
kτzs
α ∂s
β −
1
Rβk
Jkτs
α/β∂s
β
 
 
Kτsk
uu
 
31
=Ck
11
1
Rαk
Jkτs
β/α∂s
α+Ck
12
1
Rβk
Jkτs∂s
α+Ck
13J
kτzs
β ∂s
α
+Ck
16
1
Rαk
Jkτs∂s
β+Ck
26
1
Rβk
Jkτs
α/β∂s
β
+Ck
36Jkτzs
α ∂s
β
−Ck
45
 
Jkτsz
α ∂τ
β −
1
Rαk
Jkτs∂τ
β
 
−Ck
55
 
J
kτsz
β ∂τ
α −
1
Rαk
Jkτs
β/α∂τ
α
 
 
Kτsk
uu
 
32
=Ck
12
1
Rαk
Jkτs∂s
β+Ck
22
1
Rβk
Jkτs
α/β∂s
β+Ck
23Jkτzs
α ∂s
β
+Ck
16
1
Rαk
Jkτs
β/α∂s
α + Ck
26
1
Rβk
Jkτs∂s
α
+Ck
36J
kτzs
β ∂s
α
−Ck
45
 
J
kτsz
β ∂τ
α −
1
Rβk
Jkτs∂τ
α
 
−Ck
44
 
Jkτsz
α ∂τ
β −
1
Rβk
Jkτs
α/β∂τ
β
 
 
Kτsk
uu
 
33
= Ck
11
1
R2
αk
Jkτs
β/α + Ck
22
1
R2
βk
Jkτs
α/β + Ck
33J
kτzsz
αβ
+2Ck
12
1
Rαk
1
Rβk
Jkτs+Ck
13
1
Rαk
 
J
kτzs
β +J
kτsz
β
 
+Ck
23
1
Rβk
 
Jkτzs
α + Jkτsz
α
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−Ck
44Jkτs
α/β∂s
β∂τ
β − Ck
55Jkτs
β/α∂s
α∂τ
α
−Ck
45Jkτs∂s
α∂τ
β − Ck
45Jkτs∂τ
α∂s
β (21)
The application of boundary conditions makes use of the
fundamental nucleo  d in the form:
 
 τsk
uu
 
11
= nαCk
11Jkτs
β/α∂s
α + nβCk
66Jkτs
α/β∂s
β
+nβCk
16Jkτs∂s
α + nαCk
16Jkτs∂s
β
 
 τsk
uu
 
12
= nαCk
16Jkτs
β/α∂s
α + nβCk
26Jkτs
α/β∂s
β
+nαCk
12Jkτs∂s
β + nβCk
66Jkτs∂s
α
 
 τsk
uu
 
13
= nα
1
Rαk
Ck
11Jkτs
β/α + nα
1
Rβk
Ck
12Jkτs
+nαCk
13J
kτsz
β + nβ
1
Rαk
Ck
16Jkτs
+nβ
1
Rβk
Ck
26Jkτs
α/β + nβCk
36Jkτsz
α
 
 τsk
uu
 
21
= nαCk
16Jkτs
β/α∂s
α + nβCk
26Jkτs
α/β∂s
β
+nβCk
12Jkτs∂s
α + nαCk
66Jkτs∂s
β
 
 τsk
uu
 
22
= nαCk
66Jkτs
β/α∂s
α + nβCk
22Jkτs
α/β∂s
β
+nβCk
26Jkτs∂s
α + nαCk
26Jkτs∂s
β
 
 τsk
uu
 
23
= nα
1
Rαk
Ck
16Jkτs
β/α + nα
1
Rβk
Ck
26Jkτs
+nαCk
36J
kτsz
β + nβ
1
Rαk
Ck
12Jkτs
+nβ
1
Rβk
Ck
22Jkτs
α/β + nβCk
23Jkτsz
α
 
 τsk
uu
 
31
=− nα
1
Rαk
Ck
55Jkτs
β/α + nαCk
55J
kτsz
β
−nβ
1
Rαk
Ck
45Jkτs + nβCk
45Jkτsz
α
 
 τsk
uu
 
32
=− nα
1
Rβk
Ck
45Jkτs + nαCk
45J
kτsz
β
−nβ
1
Rβk
Ck
44Jkτs
α/β + nβCk
44Jkτsz
α
 
 τsk
uu
 
33
= nαCk
55Jkτs
β/α∂s
α + nβCk
44Jkτs
α/β∂s
β
+nβCk
45Jkτs∂s
α + nαCk
45Jkτs∂s
β (22)
Onecannotethatalltheequationswrittenfortheshelldegen-
erate in those for the plate when
1
Rαk
=
1
Rβk
=0. In practice
we set the radii of curvature to 109.
2.4 Dynamic governing equations
The PVD for the dynamic case is expressed as:
Nl  
k=1
 
 k
 
Ak
 
δ k
pG
T
σk
pC + δ k
nG
T
σk
nC
 
d kdz
=
Nl  
k=1
 
 k
 
Ak
ρkδukTükd kdz+
Nl  
k=1
δLk
e (23)
where ρk is the mass density of the k-th layer and double
dots denote acceleration.
By substituting the geometrical relations, the constitutive
equations and the UF, we obtain the following governing
equations:
δuk
s
T
: Kkτs
uu uk
τ = Mkτsük
τ + Pk
uτ (24)
In the case of free vibrations one has:
δuk
s
T
: Kkτs
uu uk
τ = Mkτsük
τ (25)
where Mkτs is the fundamental nucleus for the inertial term.
The explicit form of that is:
Mkτs
11 = ρkJkτs
αβ
Mkτs
12 = 0
Mkτs
13 = 0
Mkτs
21 = 0
Mkτs
22 = ρkJkτs
αβ (26)
Mkτs
23 = 0
Mkτs
31 = 0
Mkτs
32 = 0
Mkτs
33 = ρkJkτs
αβ
where the meaning of the integral Jkτs
αβ has been illustrated
in Eq. (20). The geometrical and mechanical boundary con-
ditions are the same of the static case. When we consider the
static case, the mass terms are neglected.
3 The radial basis function method
3.1 The static problem
Radial basis functions (RBF) approximations are mesh-free
numerical schemes that can exploit accurate representations
of the boundary, are easy to implement and can be spectrally
accurate. In this section the formulation of a global unsym-
metrical collocation RBF-based method to compute elliptic
operators is presented.
Consideralinearellipticpartialdifferentialoperator L and
a bounded region   in Rn with some boundary ∂ .I nt h e
123Comput Mech (2011) 48:13–25 19
Fig. 3 Geometry and notations
for a multilayered shell (doubly
curved)
static problems we seek the computation of displacements
(u) from the global system of equations
Lu = f in   (27)
LBu = g on ∂  (28)
where L, LB are linear operators in the domain and on the
boundary, respectively. The right-hand side of (27) and (28)
represent the external forces applied on the plate or shell and
the boundary conditions applied along the perimeter of the
plate or shell, respectively. The PDE problem deﬁned in (27)
and (28) will be replaced by a ﬁnite problem, deﬁned by an
algebraic system of equations, after the radial basis expan-
sions.
3.2 The eigenproblem
Theeigenproblemlooksforeigenvalues(λ)andeigenvectors
(u) that satisfy
Lu + λu = 0i n   (29)
LBu = 0o n ∂  (30)
Asinthestaticproblem,theeigenproblemdeﬁnedin(29)and
(30) is replaced by a ﬁnite-dimensional eigenvalue problem,
based on RBF approximations.
3.3 Radial basis functions approximations
The RBF (φ) approximation of a function (u) is given by
  u(x) =
N  
i=1
αiφ ( x − yi 2), x ∈ Rn (31)
where yi,i = 1,...,N is a ﬁnite set of distinct points (cen-
ters) in Rn.
The most common RBFs are
Cubic: φ(r) = r3
Thin plate splines: φ(r) = r2 log(r)
Wendland functions: φ(r) = (1 − r)m
+p(r)
Gaussian: φ(r) = e−(cr)2
Multiquadrics: φ(r) =
√
c2 + r2
Inverse Multiquadrics: φ(r) = (c2 + r2)−1/2
wheretheEuclidiandistancer isrealandnon-negative andc
is a positive shape parameter.
Hardy [58] introduced multiquadrics in the analysis of
scattered geographical data. In the 1990’s Kansa [35]u s e d
multiquadrics for the solution of partial differential equa-
tions. Considering N distinct interpolations, and knowing
u(x j), j = 1,2,...,N,weﬁndαi bythesolutionofa N×N
linear system
Aα = u (32)
where A = [φ ( x − yi 2)]N×N, α =[ α1,α 2,...,αN]T
and u =[ u(x1),u(x2),...,u(xN)]T.
3.4 Solution of the static problem
ThesolutionofastaticproblembyRBFsconsiders NI nodes
in the domain and NB nodes on the boundary, with a total
number of nodes N = NI + NB. We denote the sampling
points by xi ∈  ,i = 1,...,NI and xi ∈ ∂ ,i = NI +
1,...,N.Atthepointsinthedomainwesolvethefollowing
system of equations
N  
i=1
αiLφ ( x − yi 2) = f(x j), j = 1,2,...,NI (33)
or
LIα = F (34)
where
LI = [Lφ ( x − yi 2)]NI×N (35)
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At the points on the boundary, we impose boundary condi-
tions as
N  
i=1
αiLBφ ( x − yi 2) = g(x j), j = NI + 1,...,N
(36)
or
Bα = G (37)
where
B = LBφ
  
 xNI+1 − yj 2
  
NB×N
Therefore,wecanwriteaﬁnite-dimensionalstaticproblemas
 
LI
B
 
α =
 
F
G
 
(38)
Byinvertingthesystem(38),weobtainthevectorα.Wethen
obtain the solution u using the interpolation equation (31).
3.5 Solution of the eigenproblem
We consider NI nodes in the interior of the domain and NB
nodes on the boundary, with N = NI + NB. We denote
interpolation points by xi ∈  ,i = 1,...,NI and xi ∈ ∂ ,
i = NI + 1,...,N. At the points in the domain, we deﬁne
the eigenproblem as
N  
i=1
αiLφ ( x − yi 2) = λ  u(x j), j = 1,2,...,NI (39)
or
LIα = λ  uI (40)
where
LI = [Lφ ( x − yi 2)]NI×N (41)
At the points on the boundary, we enforce the boundary con-
ditions as
N  
i=1
αiLBφ ( x − yi 2) = 0, j = NI + 1,...,N (42)
or
Bα = 0 (43)
Equations (40) and (43) can now be solved as a generalized
eigenvalue problem
 
LI
B
 
α = λ
 
AI
0
 
α (44)
where
AI = φ
  
 xNI − yj 2
  
NI×N
3.6 Discretization of the equations of motion and boundary
conditions
The radial basis collocation method follows a simple imple-
mentation procedure. Taking Eq. (13), we compute
α =
 
LI
B
 −1  
F
G
 
(45)
Thisα vectoristhenusedtoobtainsolution ˜ u,byusing(7).If
derivativesof ˜ uareneeded,suchderivativesarecomputedas
∂˜ u
∂x
=
N  
j=1
αj
∂φj
∂x
(46)
∂2˜ u
∂x2 =
N  
j=1
αj
∂2φj
∂x2 ,etc (47)
Inthepresentcollocationapproach,weneedtoimposeessen-
tial and natural boundary conditions. Consider, for example,
theconditionw = 0,onasimplysupportedorclampededge.
We enforce the conditions by interpolating as
w = 0 →
N  
j=1
αW
j φj = 0 (48)
Other boundary conditions are interpolated in a similar way.
3.7 Free vibrations problems
For free vibration problems we set the external force to zero,
and assume harmonic solution in terms of displacements
u1,u2,...,v 1,v 2,...,a s
u1 = U1(w, y)eiωt; u2 = U2(w, y)eiωt;
u3 = U3(w, y)eiωt; u4 = U4(w, y)eiωt (49)
v1 = V1(w, y)eiωt; v2 = V2(w, y)eiωt;
v3 = V3(w, y)eiωt; v4 = V4(w, y)eiωt (50)
w1 = W1(w, y)eiωt; w2 = W2(w, y)eiωt;
w3 = W3(w, y)eiωt; w4 = W4(w, y)eiωt (51)
where ω is the frequency of natural vibration. Substituting
the harmonic expansion into Eq. (44) in terms of the ampli-
tudes U1,U2,U3,U4,V1,V2,V3,V4,W1,W2,W3,W4,w e
may obtain the natural frequencies and vibration modes for
the plate or shell problem, by solving the eigenproblem
 
L − ω2G
 
X = 0 (52)
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whereLcollectsallstiffnesstermsandG collectsallterms
relatedtotheinertialterms.In(52)X arethemodesofvibra-
tion associated with the natural frequencies deﬁned as ω.
4 Numerical examples
All numerical examples consider a Chebyshev grid and a
Wendland function, deﬁned as
φ(r) = (1 − cr)8
+
 
32(cr)3 + 25(cr)2 + 8cr+ 1
 
(53)
where the shape parameter (c) was obtained by an optimiza-
tion procedure, as detailed in Ferreira and Fasshauer [59].
4.1 Spherical shell in bending
A laminated composite spherical shell is here considered,
of side a and thickness h, composed of layers oriented at
[0◦/90◦/0◦] and [0◦/90◦/90◦/0◦]. The shell is subjected to
a sinusoidal vertical pressure of the form
pz = P sin
 πx
a
 
sin
 πy
a
 
with the origin of the coordinate system located at the
lower left corner on the midplane and P the maximum load
(at center of shell).
The orthotropic material properties for each layer are
given by
E1=25.0E2 G12=G13=0.5E2 G23=0.2E2 ν12=0.25
The in-plane displacements, the transverse displacements,
the normal stresses and the in-plane and transverse shear
stresses are presented in normalized form as
w =
103w(a/2,a/2,0)h3E2
Pa4 , σxx =
σxx(a/2,a/2,h/2)h2
Pa2
σ yy =
σyy(a/2,a/2,h/4)h2
Pa2
τxz =
τxz(0,a/2,0)h
Pa
, τxy =
τxy(0,0,h/2)h2
Pa2
The shell is simply-supported on all edges.
In Table 1, an assessment of the present model is pre-
sented for the plate case (R→∞). We compare the deﬂec-
tions obtained with the RBF method with the LW analytical
solution given in [29] and the results obtained with two dif-
ferent shell ﬁnite elements: MITC4 and MITC9. These ele-
ments are based on CUF and they are described in details
in [61] and [62], respectively. Various thickness ratios and
laminations are considered. In all the cases, the table shows
that the present method is in good agreement with the FEM
solution.
In Table 2 we compare the static deﬂections for the pres-
entshellmodelwithresultsofReddyshellformulationusing
Table 1 Non-dimensional central deﬂection, w = w 102E2h3
P0a4 for
different cross-ply laminated plates
Method a/h = 10 a/h = 100
[0◦/90◦/0◦] LW [29] 7.4095 4.3400
Present (13 × 13) 7.2739 4.2924
Present (17 × 17) 7.2743 4.2941
Present (21 × 21) 7.2743 4.2943
MITC4 (13 × 13) 7.2955 4.2573
MITC4 (17 × 17) 7.3427 4.2915
MITC4 (21 × 21) 7.3657 4.3082
MITC9 (5 × 5) 7.4067 4.3375
MITC9 (9 × 9) 7.4092 4.3397
MITC9 (13 × 13) 7.4095 4.3399
[0◦/90◦/90◦/0◦] LW [29] 7.3148 4.3420
Present (13 × 13) 7.1722 4.2871
Present (17 × 17) 7.1726 4.2887
Present (21 × 21) 7.1726 4.2889
MITC4 (13 × 13) 7.2011 4.2593
MITC4 (17 × 17) 7.2482 4.2935
MITC4 (21 × 21) 7.2711 4.3102
MITC9 (5 × 5) 7.3120 4.3396
MITC9 (9 × 9) 7.3145 4.3418
MITC9 (13 × 13) 7.3147 4.3420
ﬁrst-order and third-order shear-deformation theories [60]
and the LW analytical solution given in [29]. We consider
nodal grids with 13 × 13, 17 × 17, and 21 × 21 points. We
considervariousvaluesof R/a andtwovaluesofa/h (10and
100). Results are in good agreement for various a/h ratios
with the higher-order results of Reddy and the LW analytical
solution.
4.2 Free vibration of spherical and cylindrical laminated
shells
We consider nodal grids with 13×13, 17×17, and 21×21
points. In Tables 3 and 4 we compare the nondimension-
alized natural frequencies from the present layerwise the-
ory for various cross-ply spherical shells, with analytical
solutions by Reddy and Liu [60] who considered both the
ﬁrst-order (FSDT) and the third-order (HSDT) theories. The
ﬁrst-order theory overpredicts the fundamental natural fre-
quencies of symmetric thick shells and symmetric shallow
thin shells. The present radial basis function method is com-
paredwithanalytical resultsbyReddy[60]andshowsexcel-
lent agreement.
Table 5 contain nondimensionalized natural frequencies
obtained using the the present layerwise theory for cross-
ply cylindrical shells with lamination schemes [0/90/0],
[0/90/90/0]. Present results are compared with analytical
solutions by Reddy and Liu [60] who considered both the
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Table 2 Non-dimensional central deﬂection, w = w 102E2h3
P0a4 variation with various number of grid points per unit length, N for different R/a
ratios, for R1 = R2
a/h Method R/a
5 10 20 50 100 109
[0◦/90◦/0◦] 10 Present (13 × 13) 6.9514 7.1891 7.2518 7.2700 7.2728 7.2739
10 Present (17 × 17) 6.9520 7.1895 7.2521 7.2703 7.2731 7.2743
10 Present (21 × 21) 6.9521 7.1895 7.2522 7.2704 7.2732 7.2743
10 HSDT [60] 6.7688 7.0325 7.1016 7.1212 7.1240 7.125
10 FSDT [60] 6.4253 6.6247 6.6756 6.6902 6.6923 6.6939
10 LW [29] 7.0834 7.3252 7.3883 7.4061 7.4087 7.4095
100 Present (13 × 13) 1.0300 2.3956 3.5832 4.1606 4.2587 4.2924
100 Present (17 × 17) 1.0305 2.3966 3.5846 4.1622 4.2603 4.2941
100 Present (21 × 21) 1.0306 2.3968 3.5848 4.1625 4.2606 4.2943
100 HSDT [60] 1.0321 2.4099 3.617 4.2071 4.3074 4.3420
100 FSDT [60] 1.0337 2.4109 3.6150 4.2027 4.3026 4.3370
100 LW [29] 1.0340 2.4120 3.6172 4.2055 4.3055 4.3400
[0◦/90◦/90◦/0◦] 10 Present (13 × 13) 6.8580 7.0902 7.1511 7.1686 7.1712 7.1722
10 Present (17 × 17) 6.8585 7.0905 7.1514 7.1690 7.1716 7.1726
10 Present (21 × 21) 6.8586 7.0906 7.1515 7.1690 7.1716 7.1726
10 HSDT [60] 6.7865 7.0536 7.1237 7.1436 7.1464 7.1474
10 FSDT [60] 6.3623 6.5595 6.6099 6.6244 6.6264 6.6280
10 LW [29] 6.9953 7.2322 7.2940 7.3114 7.3139 7.3148
100 Present (13 × 13) 1.0242 2.3865 3.5753 4.1548 4.2533 4.2871
100 Present (17 × 17) 1.0247 2.3874 3.5766 4.1563 4.2548 4.2887
100 Present (21 × 21) 1.0247 2.3876 3.5768 4.1565 4.2551 4.2889
100 HSDT [60] 1.0264 2.4024 3.6133 4.2071 4.3082 4.3430
100 FSDT [60] 1.0279 2.4030 3.6104 4.2015 4.3021 4.3368
100 LW [29] 1.0284 2.4048 3.6142 4.2065 4.3073 4.3420
Table 3 Nondimensionalized fundamental frequencies of cross-ply laminated spherical shells, ω = ω a2
h
√
ρ/E2, laminate ([0◦/90◦/90◦/0◦])
a/h Method R/a
5 10 20 50 100 109
10 Present (11 × 11) 11.9560 11.7900 11.7478 11.7360 11.7343 11.7337
Present (13 × 13) 11.9549 11.7892 11.7472 11.7353 11.7337 11.7331
Present (17 × 17) 11.9544 11.7889 11.7469 11.7351 11.7334 11.7329
Present (19 × 19) 11.9544 11.7889 11.7469 11.7351 11.7334 11.7328
HSDT [60]1 2 .040 11.840 11.790 11.780 11.780 11.780
100 Present (11 × 11) 31.1653 20.4712 16.7365 15.5286 15.3482 15.2876
Present (13 × 13) 31.1374 20.4524 16.7208 15.5138 15.3336 15.2730
Present (17 × 17) 31.1275 20.4460 16.7157 15.5092 15.3290 15.2684
Present (19 × 19) 31.1265 20.4455 16.7153 15.5088 15.3287 15.2681
HSDT [60]3 1 .100 20.380 16.630 15.420 15.230 15.170
ﬁrst-order (FSDT) and the third-order (HSDT) theories. The
present radial basis funtion method is compared with analyt-
ical results by Reddy [60] and shows excellent agreement.
In Fig. 4 we illustrate the ﬁrst four vibrational modes of
cross-ply laminated spherical shells, ω = ωa2
h
√
ρ/E2,f o ra
laminate ([0◦/90◦/90◦/0◦]), using a grid of 13 × 13 points,
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Table 4 Nondimensionalized fundamental frequencies of cross-ply laminated spherical shells, ω = ω a2
h
√
ρ/E2, laminate ([0◦/90◦/0◦])
a/h Method R/a
5 10 20 50 100 109
10 Present (11 × 11) 11.8748 11.7803 11.6660 11.6542 11.6524 11.6519
Present (13 × 13) 11.8736 11.7075 11.6654 11.6535 11.6518 11.6513
Present (17 × 17) 11.8732 11.7073 11.6652 11.6533 11.6516 11.6511
Present (19 × 19) 11.8732 11.7072 11.6651 11.6533 11.6516 11.6510
HSDT [60]1 2 .060 11.860 11.810 11.790 11.790 11.790
100 Present (11 × 11) 31.0775 20.4310 16.7165 15.5158 15.4993 15.4398
Present (13 × 13) 31.0501 20.4133 16.7023 15.5028 15.4948 15.4353
Present (17 × 17) 31.0402 20.4070 16.6973 15.4982 15.4944 15.4349
Present (19 × 19) 31.0402 20.4065 16.6969 15.6714 15.4944 15.4349
HSDT [60]3 1 .0398 20.350 16.620 15.420 15.240 15.170
Table 5 Nondimensionalized fundamental frequencies of cross-ply cylindrical shells, ω = ω a2
h
√
ρ/E2
R/a Method [0/90/0] [0/90/90/0]
a/h = 100 a/h = 10 a/h = 100 a/h = 10
5 Present (13 × 13) 20.3671 11.8736 20.4082 11.7527
Present (17 × 17) 20.3554 11.8732 20.3985 11.7523
Present (19 × 19) 20.3544 11.8732 20.3976 11.7523
FSDT [60]2 0 .332 12.207 20.361 12.267
HSDT [60]2 0 .330 11.850 20.360 11.830
10 Present (13 × 13) 16.6903 11.7075 16.7093 11.7380
Present (17 × 17) 16.6836 11.7073 16.7032 11.7377
Present (19 × 19) 16.6831 11.7073 16.7027 11.7377
FSDT [60]1 6 .625 12.173 16.634 12.236
HSDT [60]1 6 .620 11.800 16.630 11.790
100 Present (13 × 13) 15.2784 11.6518 15.2880 11.7331
Present (17 × 17) 15.2739 11.6516 15.2835 11.7329
Present (19 × 19) 15.2736 11.6516 15.2832 11.7329
FSDT [60]1 5 .198 12.163 15.199 12.227
HSDT [60]1 5 .19 11.79 15.19 11.78
Plate Present (13 × 13) 15.2635 11.6513 15.2730 11.7331
Present (17 × 17) 15.2590 11.6511 15.2684 11.7329
Present (19 × 19) 15.2587 11.6511 15.2681 11.7329
FSDT [60]1 5 .183 12.162 15.184 12.226
HSDT [60]1 5 .170 11.790 15.170 11.780
for a/h = 100, R/a = 10. The modes of vibration are quite
stable.
5 Concluding remarks
Inthispaperalayerwisesheardeformationtheorywasimple-
mented for the ﬁrst time for laminated orthotropic elastic
shells through a multiquadrics discretization of equations
of motion and boundary conditions. The multiquadric RBF
method for the solution of shell bending and free vibration
problems was presented. Results for static deformations and
natural frequencies were obtained and compared with other
sources. This meshless approach demonstrated that is very
successful in the static deformations and free vibration anal-
ysis of laminated composite shells. Advantages of RBFs are
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Fig. 4 First four vibrational modes of cross-ply laminated spherical
shells, ω = ω a2
h
√
ρ/E2, laminate ([0◦/90◦/90◦/0◦])g r i d1 3× 13
points, a/h = 100, R/a = 10
absence of mesh, ease of discretization of boundary condi-
tions and equations of equilibrium or motion and very easy
coding. We show that the static displacements and stresses
andthenaturalfrequenciesobtainedfrompresentmethodare
in excellent agreement with analytical solutions.
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